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The reduced dynamics of an open quantum system obtained from an underlying microscopic
Hamiltonian can in general only approximately be described by a time local master equation. The
quality of that approximation depends primarily on the coupling strength and the structure of the
environment. Various such master equations have been proposed with different aims. Here we want
to compare some of them focusing on the accuracy of the reduced dynamics. We use two qubits
coupled to a Lorentzian environment in a spin-boson like fashion modeling a generic situation with
various system and bath time scales. We see that, independent of the initial state, the simple
Redfield Equation with time dependent coefficients yields significantly better results than other
methods. Notably, we confirm that the known positivity problems of the Redfield Equation become
relevant only in a regime where the underlying approximations are no longer valid, anyway. This
implies that the loss of positivity should in fact be welcomed as an important feature: it indicates
the breakdown of the weak coupling assumption. Further, we discuss how the Coarse-Grained
Master Equation with a suitably chosen coarse graining time, and a related Dynamical Map – two
methods guaranteeing positivity of the reduced state – can improve on the widely used rotating
wave approximation required for the standard Quantum Optical Master Equation. In particular, we
show that for a short bath correlation time, the Coarse-Grained Master Equation outperforms the
Quantum Optical Master Equation significantly in the regime of stronger coupling, irrespective of
the system Hamiltonian.
I. INTRODUCTION
The non-unitary dynamics of an open quantum system
is of great interest for many fields in physics and chem-
istry, where environmental effects have to be considered.
Solving the microscopic model of the whole, system plus
environment, with regard to the exact reduced dynam-
ics is in general still a difficult task (see, e.g. [1–8]).
However, in the weak coupling regime time local mas-
ter equations can be derived from the microscopic model
resulting in approximate solutions for the reduced dy-
namics [9–11]. The great advantage of master equations,
being easily solved numerically, is to some extent dis-
solved by the lack of a criterion to estimate the error of
the approximations from within the method.
If one is faced with the task to evaluate the re-
duced dynamics most accurately, the first choice could
be the Redfield Equation [10–12] since it involves the
least approximations to obtain a time local evolu-
tion equation for the reduced density matrix. In
spite of that, since the Redfield Equation is not of
Gorini–Kossakowski–Sudarshan–Lindblad (GKSL) form,
positivity of the reduced state is in general not guar-
anteed [13, 14]; unphysical negative eigenvalues of the
density operator may occur after some time.
However, this shortcoming does not imply that the dy-
namics obtained from the Redfield Equation is of little
use. In particular, sufficiently weak coupling and a fast
decaying bath correlation function (BCF) justify the ap-
proximations made, which should render the solution of
the Redfield Equation valid within a certain error range.
From a practical point of view, this motivates the widely
successful application of the Redfield Equation and its
variants (see for example Refs. [15–24] for more recent
quantum chemical, condensed matter and quantum op-
tics applications).
From a more conceptual open quantum system point
of view, the lack of (complete) positivity implied by the
Redfield Equation results in a rejection of the method
[25, 26]. However, positivity preservation can be enforced
by further approximations.
The most prominent and seasoned additional approxi-
mation is the so-called Rotating-Wave or secular Approx-
imation (RWA) [10, 11, 27, 28]. The resulting Quantum
Optical Master Equation is of the well known GKSL-type
and therefore ensures completely positive dynamics. The
applicability of the RWA, however, requires a sufficiently
weak coupling of the system to the environment such
that the dynamics of the reduced state in the interacting
picture takes place on a much larger timescale than the
timescale set by the transition frequencies of the system
Hamiltonian.
If, for example, the RWA is justified for a single
qubit (Hsys = 12ωAσAx ) coupled to an environment, it
might not be the case for two slightly detuned qubits
(Hsys = 12ωAσAx ⊗ 1B + 12ωB ⊗ 1AσBx ) coupled simulta-
neously to the same environment1. The Hamiltonian of
this four dimensional system includes transition frequen-
cies of the order of the detuning ωA − ωB which intro-
duces a new, presumably larger timescale, requiring an
even weaker coupling to the environment for the RWA to
be applicable. Therefore, if the aim is to most accurately
obtain the reduced dynamics, it seems a priory not clear
whether the Redfield Equation or the Quantum Optical
Master Equation suffers a more severe problem.
Consequently, a master equation of GKSL-form which
can be derived from the microscopic model without RWA
1 Throughout this paper we use units where h¯ = kB = 1.
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2seems desirable. A coarse-graining approach leading to
the so-called Coarse-Grained Master Equation [29–32],
with a coarse-graining time τ as a free parameter, may ac-
complish that task. It requires no direct RWA which sug-
gests that this method could supersede the usual Quan-
tum Optical Master Equation.
Moreover, a completely positive map, here called ExpZ
Map, can be constructed from the τ -dependent generator
of the Coarse-Grained Master Equation, which yields the
correct dynamics for short times, while recovering the
long time dynamics of the usual Quantum Optical Master
Equation [32, 33].
Naturally, the question for the best method arises. We
expect each method to be successful for its suiting pa-
rameter regime, where the approximations made are jus-
tified. However, we ask for the best method in terms of
general applicability for various coupling strengths and
bath correlation times, and initial states. We therefore
base the decision on the accuracy of the reduced dynam-
ics of a generic system (involving a range of transition
frequencies), a case which is more general than the sim-
ple spin-Boson model [34].
In general it is difficult to quantify the error induced
by the approximations made without knowing the exact
solution [26, 35–37]. Only for the special limit of zero
coupling strength in combination with a rescaled time,
exact results can be obtained, that is, the error of the
reduced dynamics vanishes [38, 39]. In addition, it has
been pointed out that a perturbative master equation of
order 2n in the coupling strength yields an accuracy for
the long time dynamics which is of the order 2n− 2 [39].
Obviously, the general statement is of no use to determine
the scaling of the error for second order master equations,
such as the Redfield Equation and the Quantum Optical
Master Equation, since it predicts an error no worse than
zeroth order. Further, it cannot help to favor one of the
methods considered here, since all the methods are of
second order in the coupling strength.
Concerning the applicability of the RWA, recent stud-
ies [31, 40–42] have pointed out that for two qubits (two
oscillators) the RWA yields significant deviation from the
exact dynamics favoring the Redfield Equation.
With this work we want to contribute to this discussion
by calculating an initial state independent error bound
of the dynamics as a function of the coupling strength
and bath correlation time. For our investigation we con-
sider the exemplary system of two non-interacting qubits
coupled to the same Lorentzian environment in a spin-
boson like fashion [34] where we distinguish the resonant
and slightly detuned case with respect to the qubit fre-
quencies. The extension of the spin-boson model to two
qubits is not only interesting from a theoretical point of
view by challenging the applicability of the RWA, but
also relevant for quantum technologies as it serves as a
basic building bloc to implement quantum information
tasks [43–45].
Ranking the various methods based on the error bound
confirms that the Redfield Equation performs best. We
show that all methods follow a linear scaling of the error
with the coupling strength, except the Coarse-Grained
Master Equation where the error saturates at some non-
zero value. When using the Redfield Equation with time
dependent coefficients, we find that positivity problems
of the reduced dynamics do only occur in a regime where
the weak coupling formalism is anyway not applicable.
Further, we elucidate how the Quantum Optical Mas-
ter Equation differs for the resonant case from the more
general detuned case and show that in the detuned case
the correlations between the two qubits are strongly ef-
fected by the RWA. We find that the ExpZ Map barely
resolves the deficiency of the RWA, whereas the Coarse-
Grained Master Equation does so in a stronger coupling
and short bath correlation time regime. This property
of the Coarse-Grained Master Equation can be under-
stood by the fact that the required time scale separation
τenv  τ  τind for the coarse-graining time τ is in-
dependent of the system Hamiltonian and, thus, of its
intrinsic time scales. Here, τind denotes the time scale of
the environmentally induced system dynamics, that is, of
the system dynamics in the interaction picture (typically
a damping time scale).
The manuscript is structured as follows. In Sec. II
we briefly introduce the notation for the two-spin-boson
model and present its solution in Sec. III. The exact
solution in terms of a single pseudo-mode is explained,
followed by the various approximative master equations.
The results in Sec. IV begin with a general ranking of
the methods based on an initial state independent er-
ror bound. A discussion of the positivity of the reduced
dynamics for the Redfield Equation follows, where the ad-
vantage of the time dependent coefficients over the Red-
field Equation with asymptotic rates is highlighted. Next,
the linear scaling of the error is shown briefly and the in-
fluence of the coarse-graining parameter τ is discussed.
Finally, the particular effect of the various master equa-
tions on the delicate correlation dynamics within the two
qubits is shown. We close with a summary and conclu-
sions.
II. TWO-SPIN-BOSON MODEL
The Hamiltonian for two qubits coupled to the same
environment, which we will refer to as two-spin-boson
model, takes the usual form for an open quantum system
with a collective Hermitian operator L = L†, coupling
the two spins to a common bath of harmonic oscillators,
H = Hsys + L⊗
∑
λ
gλ(aλ + a†λ) +
∑
λ
ωλa
†
λaλ
Hsys =
ωA
2 σ
A
x +
ωB
2 σ
B
x L =
1
2(σ
A
z + σBz ) .
(1)
The coupling constants gλ and the oscillator frequencies
ωλ define the spectral density (SD) J(ω) = pi
∑
λ g
2
λδ(ω−
ωλ). For the continuous environment we choose a single
3Lorentzian-like SD2 with central frequency ω0, width γ
and overall coupling strength η
J(w) = η γ
γ2 + (ω0 − ω)2 . (2)
The corresponding BCF takes the very pleasant form of
an exponential
α(τ) = 1
pi
∫ ∞
−∞
dω J(ω)e−iωτ = ηe−γ|τ |−iω0τ , (3)
which allows to easily calculate its half-sided Fourier
transform
F (ω) =
∫ ∞
0
dτ α(τ)eiωτ = J(w) + iS(ω)
S(ω) = η ω − ω0
γ2 + (ω0 − ω)2 ,
(4)
a function occurring in various master equation ap-
proaches.
III. EXACT NUMERICAL SOLUTION AND
MASTER EQUATIONS
A. Exact Solution - Pseudo Mode
In terms of the reduced dynamics, the general open
quantum system Hamiltonian Eq. (1) with Lorentzian SD
is equivalent to a pseudo-mode model, where the system
couples to a single harmonic oscillator with frequency ω0
which in turn is coupled with coupling strength ∼ γ to
an environment with a flat SD [46, 47]. In other words,
the Hamiltonian
H = Hsys +
√
ηL(a† + a) + ω0a†a
+
∑
λ
cλ(a†bλ + ab†λ) +
∑
λ
ωλb
†
λbλ (5)
with Jb(ω) = pi
∑
λ |cλ|2δ(ω − ωλ) = γ leads to the same
reduced dynamics for the system part.
As a consequence of the flat SD for the b-modes the
imaginary part of the corresponding BCF vanishes and
the real part becomes delta-like: αb(τ) = 2γδ(τ). In that
case the following master equation of GKSL-type for the
state P of the system plus pseudo mode a is known to be
exact (see also Ref. [48]).
P˙ = −i[HPsys, P ] + γ
(
[a, Pa†] + h.c.
)
HPsys = Hsys +
√
ηL(a† + a) + ω0a†a
(6)
2 At first glance it seems unphysical to include negative frequen-
cies. However, the physical meaning can be restored when view-
ing the Lorentzian SD as mathematical vehicle to conveniently
model a non-zero temperature BCF with microscopically de-
fined SD J0. αβ(τ) := 1pi
∫∞
0 dω J0(ω)[coth(βω/2) cos(ωτ) −
i sin(ωτ)]→ 1
pi
∫∞
−∞ dω J(ω)e
−iωτ
After truncating the harmonic oscillator at a suitable
level, the solution can be calculated numerically. Trac-
ing out the a-mode yields the state for the two-qubit sys-
tem ρsys(t) = TraP (t) which serves as reference for the
following, when comparing the accuracy of the various
perturbative master equations.
B. Master Equations
The goal of the following master equations is to pro-
vide an evolution equation for the reduced state of the
open quantum system as given in Eq. (1) for an arbi-
trary SD. Besides sketching derivations, we also examine
the effect of the RWA, distinguishing the resonant and
detuned two-qubit case. Further, we discuss the implica-
tions of the approximations used by the coarse-graining
scheme.
1. Redfield Equation
To derive the evolution equation for the reduced state
[10, 49, 50] the Nakajima-Zwanzig projection formalism
[51–53] may be used as starting point. In lowest order of
the coupling strength the following expression is obtained
˙˜ρ(t) = −
∫ t
0
dsTrenv[V˜ (t), [V˜ (s), ρ˜(s)⊗ ρenv]] . (7)
Here ρ˜ and V˜ denote the reduced state and the inter-
action Hamiltonian in the interaction picture. Also an
initial product state of the form ρtot(0) = ρ(0)⊗ρenv has
been assumed. For the microscopic Hamiltonian Eq. (1)
we find explicitly V˜ (t) = L˜(t) ⊗ F (t) with the force op-
erator F (t) =
∑
λ gλ
(
aλe
−iωλt + a†λeiωλt
)
. Assuming a
thermal initial state ρenv ∼ e−βHenv , the evolution equa-
tion Eq. (7) becomes
˙˜ρ(t) = −
∫ t
0
ds
(
α(t− s)[L˜(t), L˜(s)ρ˜(s)] + h.c.) (8)
with the BCF
α(τ) = Trenv [F (t)F (t+ τ)ρenv]
=
∑
λ
g2λ
(
(2n¯(βω) + 1) cos(ωτ)− i sin(ωτ)) . (9)
For a BCF decaying faster than the dynamical time scale
of the reduced state in interaction picture, ρ˜(s) may well
be approximated by ρ˜(t) under the integral. Finally, sub-
stituting τ = t− s and transforming back to Schrödinger
picture yields
ρ˙(t) = −i[Hsys, ρ(t)]
+
∫ t
0
dτ
(
α(τ)[L˜(−τ)ρ(t), L] + h.c.) . (10)
4The remaining interaction picture contribution can be
made explicit by trivially rewriting the coupling operator
L in terms of eigenbase projectors of the system Hamil-
tonian L =
∑
 |〉〈|L
∑
′ |′〉〈′|[10]. Grouping all terms
for a fixed ω = ′ −  defines
Lω =
∑
,′ : ′−=ω
|〉〈|L|′〉〈′| (11)
and allows for the decomposition L =
∑
ω Lω where ω
runs over all possible transition frequencies of Hsys. Con-
sequently, for an operator L in the interacting picture we
can write
L(t) = eiHsystLe−iHsyst =
∑
ω=′−
e−iωtLω . (12)
Finally, we arrive at the Redfield Master Equation with
time-dependent coefficients (Redfield Equation (tdc)):
ρ˙(t) = −i[Hsys, ρ(t)] +
∑
ω
(
F (ω, t)[Lωρ(t), L] + h.c.
)
F (ω, t) =
∫ t
0
dτ α(τ)eiωτ .
(13)
For the model BCF as given in Eq. (3), a single expo-
nential, the time dependent coefficients can be evaluated
explicitly,
F (ω, t) = η γ + i(ω − ω0)
γ2 + (ω0 − ω)2
(
1− e−(γ+i(ω0−ω))t
)
.
(14)
For a sufficiently fast decaying BCF the asymptotic
values F (ω, t → ∞) = J(ω) + iS(ω) may be used
instead of the actual time dependent coefficients (see
e.g. [50, 54] for the benefit of keeping the time de-
pendent coefficients). This leads to the Redfield Master
Equation with asymptotic coefficients (Redfield Equation
(asymp.)). Both variants of the Redfield Equation are
not of GKSL-form.
2. Quantum Optical Master Equation
With the aim to enforce the GKSL-form for the master
equation, Eq. (8) is rewritten with L˜(t) =
∑
ω e
iωtL†ω
and L˜(s) =
∑
ω′ e
−iω′sLω′ . As before, for a sufficiently
fast decaying BCF the integral can be approximated by
replacing ρ˜(s) with ρ˜(t). The resulting equation (8) takes
the form
˙˜ρ(t) =
∑
ω,ω′
e−i(ω−ω
′)tF (ω′, t)[Lω′ ρ˜(t), L†ω] + h.c. . (15)
If the magnitude of F (ω′, t) ∼ η/γ, which represents the
coupling strength, is significantly smaller than the small-
est non-zero transition frequency (η/γ  minω 6=ω′ |ω −
ω′|), it can be argued that so-called secular terms (sum-
mands with ω 6= ω′) average to zero because of the
fast oscillating phase. Keeping only the contributions
ω = ω′ and replacing F (ω′, t) by the asymptotic values
F (ω′) = J(ω′) + iS(ω′) yields, in the Schrödinger pic-
ture, the well-known Quantum Optical Master Equation
of GKSL-form
ρ˙(t) = −i[Hsys +
∑
ω
S(ω)L†ωLω, ρ(t)]
+
∑
ω
(
J(ω)[Lωρ(t), L†ω] + h.c.
)
. (16)
Note, since the so-called Lindblad Operators Lω de-
pend on the eigenvalue of Hsys, for the two-qubit-system
the equation changes discontinuously with the detuning
of the two qubits. In the general case (ωA 6= ωB), the
only non-zero Lω read
LωA =
1
2σ
A
+ = L
†
−ωA LωB =
1
2σ
B
+ = L
†
−ωB (17)
which accounts for four different terms in the master
equation, each one proportional to σi+σi−, i = A,B or
its Hermitian conjugate. In contrast, for the resonant
case, that is, ωA = ωB = ω, there are only two Lindblad
operators
Lω =
1
2
(
σA+ + σB+
)
= L†−ω. (18)
Now additional terms in the master equation appear, pro-
portional to, for example, σA+σB− . Even for infinitesimally
detuned qubits, these terms are missing due to the secular
approximation which particularly influences the dynam-
ics of the correlations of the two qubits (see Sec. IVE).
3. Coarse-Grained Master Equation
For a small detuning of the two qubits the applicabil-
ity of the secular approximation is more restricted than
in the single qubit case due to slow system dynamics ap-
pearing on a time scale (ωA − ωB)−1. To improve on
this limitation while keeping the GKSL-property of the
master equation, a coarse-graining procedure has been
proposed [29, 30, 32].
As in (7), the method is based on a second order ex-
pansion of the time evolution operator U(t, t+ τ) in the
interaction picture with respect to Hsys + Henv which
yields
ρ˜(t+ τ)− ρ˜(t) ≈ −i
∫ t+τ
t
ds [H˜(s), ρ˜(t)]
−
∫ t+τ
t
ds
∫ s
t
du [H˜(s), [H˜(u), ρ˜(t)]] , (19)
where H˜(s) is the remaining interaction Hamiltonian in
the interaction picture.
5Evaluating the trace over the environment on the
right hand side is again done approximately by as-
suming that ρ˜(t) can be replaced by ρ˜sys(t)ρ˜env where
Trenv[H˜(s), ρ˜sys(t)ρ˜env] = 0 has to hold3. We get
ρ˜sys(t+ τ)− ρ˜sys(t) ≈ −
∫ t+τ
t
ds
∫ s
t
du
(
α(s− u)
× [L˜(s), L˜(u)ρ˜sys(t)] + h.c.
)
=: Zτ ρ˜(t) (20)
This expression suggests to generate the time dis-
crete dynamics by sequentially applying Zτ such that
ρ˜(t + nτ) = (Zτ )n ρ˜(t) – provided the product state as-
sumption is consistent at each time step. In this sense
τ is related to the decay of bath correlations – on that
time scale correlations between the system and the en-
vironment are expected to become unimportant for the
reduced dynamics (see also Ref. [30, 32] for a discussion
on the validity of the Coarse-Grained Master Equation).
However, it has been pointed out that the discrete map
Zτ is not completely positive [29] – yet it is a valid GKSL
generator. Therefore, if the finite difference may well be
approximated by the time derivative of the reduced state,
Eq. (20) turns into a master equation of GKSL-type [29]
˙˜ρsys(t) ≈ ρ˜(t+ τ)− ρ˜(t)
τ
≈ Zτ
τ
ρ˜sys(t) . (21)
Note that in the mathematical limit τ → 0 the dou-
ble time integral in Eq. (20) scales as τ2. Thus, for
the Coarse-Grained Master Equation to be meaning-
ful, a time scale separation as for the Redfield Equa-
tion and Quantum Optical Master Equation is required
where the coarse-graining time has to satisfy τenv  τ 
τind. Again, τind is the timescale on which the reduced
state changes in the interaction picture and τenv is the
timescale set by the decay of the BCF.
To actually solve the Coarse-Grained Master Equation
numerically, we do not use its formulation in obvious
GKSL-form [29, 30]. It seems more convenient to rewrite
Eq. (21) solely in terms of the coupling operator decom-
position Lω
˙˜ρsys(t) =
Zτ
τ
ρ˜sys(t) = −1
τ
∑
ω,ω′
(
ei(ω−ω
′)tG(ω, ω′, τ)
× [Lω′ , L†ωρ˜sys(t)] + h.c.
)
(22)
and introduce the coefficients
G(ω, ω′, τ) =
∫ τ
0
ds
∫ s
0
duα(s− u)ei(ω′s−ωu) (23)
that depend on the coarse-graining parameter τ . For the
Lorentzian SD given in Eq. (2) the coefficients can be
3 As for Eq. (7), for thermal states in combination with the usual
interaction Eq. (1), this is valid.
explicitly evaluated. For ω = ω′ one finds
G(ω, ω, τ) = η
γ + i(ω0 − ω)τ
+ η(γ + i(ω0 − ω))2
(
e−(γ+i(ω0−ω)τ − 1
)
(24)
and for ω 6= ω′
G(ω, ω′, τ) = η
γ + i(ω0 − ω)
[
i
ω − ω′
(
e−i(ω−ω
′)τ − 1
)
+ 1(γ + i(ω0 − ω′))
(
e−(γ+i(ω0−ω
′)τ − 1
)]
. (25)
As expected, when changing back to the Schrödinger pic-
ture with respect to the system, the usual Quantum Op-
tical Master Equation is recovered [29] for τ →∞
lim
τ→∞
G(ω, ω′, τ)
τ
= (J(ω) + iS(ω))δω,ω′ . (26)
We kept the Coarse-Grained Master Equation in the in-
teraction picture in order to introduce the Lindbladian
Zτ/τ which can be used to construct yet another com-
pletely positive map.
4. ExpZ Map
As seen in Eq. (20), for an initial product state, the
expression
ρ˜sys(t) = (1+ Zt)ρ˜sys(0) , (27)
is correct up to second order in t. This motivates heuris-
tically the completely positive ExpZ Map [32, 33]
ρ˜sys(t) = eZt ρ˜sys(0) (28)
which leads to the same short time behavior. For long
times, on the other hand, Zτ approaches τL, where L is
the generator of the Quantum Optical Master Equation
(16) in the interaction picture. Consequently, the long-
time behavior of the ExpZ Map coincides with the dy-
namics of the Quantum Optical Master Equation. When
solving the ExpZ Map as in the later examples, we di-
rectly evaluate the matrix exponential numerically for
each time step.
IV. RESULTS
Our main result is the comparison of the various mas-
ter equations, indicating that the Redfield Equation (tdc)
with time dependent coefficients results in the most ac-
curate reduced dynamics for the microscopic Hamilto-
nian of system and environment. We confirm that even
though the Redfield Equation (tdc) is not of GKSL-form,
6positivity issues of the reduced dynamics do not pose a
severe problem because they show up only in a parameter
regime where the approximations made are not justified.
These two statements ultimately allow for the conclusion
that whenever the reduced state violates positivity, the
validity of any of the weak coupling approaches consid-
ered here is doubtful. Consequently, the lack of positivity
preservation of the Redfield Equation (tdc) need not be
seen as a shortcoming, but should rather be seen as a wel-
come feature. The failure to represent the true reduced
dynamics cannot be detected by the positivity-preserving
equations without reference to other methods.
In order to compare the various approaches here, the
exact dynamics (pseudo-mode method) is calculated up
to a sufficiently large time tmax which depends on the
coupling strength η and the time scale of the BCF γ−1
(see Fig. 1). The propagation time tmax is chosen such
that the system-plus-pseudo-mode state P (t) is close to
the asymptotic state P (∞) for t ≥ tmax. More precisely,
close refers to the condition for the relative difference
|P (t)−P (∞)|/|P (∞)| < 0.01 where the norm | · | denotes
the Hilbert-Schmidt norm. Since we later distinguish the
resonant and the detuned case with respect to the two
qubit frequencies, it should be noted that the propagation
time tmax obtained for the detuned case (ωA = ∆ and
ωB = 0.95∆) is also used for the resonant case. This is
justified because the relaxation towards the steady state
is slower for the detuned in comparison to the resonant
case.
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Figure 1. The truncation level of the pseudo-mode (left) and
the propagation time tmax (right) required for the detuned
qubits to approach the steady state up to 1% relative Hilbert-
Schmidt distance.
The asymptotic state P (∞) is obtained by calculating
the kernel of the Lindbladian of the truncated psudo-
mode master equation. To obtain convergence with re-
spect to the two-qubit state the truncation level of the
psudo-mode is incremented by 4 until the change of
the asymptotic two-qubit state is below 10−6. There-
fore, the final truncation level d satisfies |TrPMPd(∞) −
TrPMPd−4(∞)|/|TrPMPd(∞)| < 10−6. The dependence
of the truncation on the coupling strength η and the BCF
timescale γ−1 is shown in Fig. 1. The final truncation
level d for the asymptotic system state is also used when
propagating the pseudo-mode master equation in order
to obtain the system dynamics which serves as exact ref-
erence
ρref(t) = TrPMPd(t) . (29)
A. Error of the Master Equations
To provide error bounds independent of the initial
state, we write ρ(t) = Λ(t)ρ0 and use the linearity of
the propagator Λ(t): decomposing an arbitrary initial
two-qubit state into tensor products of Pauli matrices
[55] ρ0 = 14
∑
α,β Rα,βσα⊗σβ with α, β = {0, 1, 2, 3} and
using |Rα,β | ≤ 14, allows to bound the time dependent
deviation as follows
(t) = |ρref(t)− ρ(t)| =
∣∣∣∑
α,β
Rα,β(Λref(t)− ΛM(t))
× 14σα ⊗ σβ
∣∣∣ ≤∑
α,β
α,β(t) . (30)
The partial deviation
α,β(t) =
1
4 |(Λref(t)− ΛM(t))σα ⊗ σβ | (31)
is calculated independently for each of the 16 combi-
nations α, β by propagating the corresponding “initial
condition” σα ⊗ σβ (which is a valid quantum state for
α = β = 0, only).
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Figure 2. A selection of the partial deviations (colored full
lines) and the sum over all partial deviations (black line) is
shown for two detuned qubits (ωA = ∆ and ωB = 0.95∆)
and a Lorentzian environment with ωc = ∆, γ = 11.54∆ and
η = 0.02371∆2. In particular, the initial state independent
error bounds (black line) reveal that the Redfield Equation
(tdc) is significantly more accurate than the Quantum Optical
Master Equation.
To see the main features of the deviation, Fig. 2 pro-
vides an exemplary plot with three selected partial devia-
tions and the overall sum. Three points should be noted.
4 R2α,β = 〈σα ⊗ σβ〉2 ≤ 〈σ2α ⊗ σ2β〉 = 1
7First, the perfect mixture as initial condition (0,0) yields,
at the beginning, the smallest deviation, which, however,
quickly reaches its asymptotic value. Second, the largest
deviation occur after a short propagation time for ini-
tial conditions related to the correlations between the
two qubits (i,j with i, j = 1, 2, 3 corresponds to a non-
zero Bloch-tensor as initial condition). And third, for
the slightly detuned case, the deviation of the Redfield
Equation (tdc) is by several orders of magnitude smaller
as compared to the Quantum Optical Master Equation.
In order to show quantitatively how the error
bound behaves while changing the coupling strength
η and correlation time γ−1 we choose the maxi-
mum value of the time dependent error bound  :=
maxt∈[0,tmax]
∑
α,β α,β(t) as measure of accuracy. The
value  provides the maximum deviation that can occur,
independent of the initial state and time5. This allows
us to compare the accuracy of the various approximative
methods while changing the environment.
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Figure 3. The absolute error bound based on the maxi-
mum value of the time dependent deviation (t) is shown for
different methods. We choose the detuned case ωA = ∆,
ωB = 0.95∆ and a Lorentzian environment with fixed cen-
tral frequency ω0 = ∆ but varying coupling strength η and
correlation time 1/γ (error bounds below 10−4 are prone to
numerical error due to them being calculated from a difference
in combination with the long propagation time of the partic-
ular parameter region). Dashed lines indicate a power law
behavior for the lines of constant error (Redfield: exponent
−3, others: −1, see text).
The results are more than telling for the detuned (Fig.
3) as well as the resonant case (Fig. 4), clearly favor-
ing the Redfield Equation (tdc) over all other approaches
considered here. Nonetheless, additional information can
be drawn from the above plots.
5 This statement requires that the maximum error
∑
α,β
α,β(t)
was reached within the time interval of propagation [0, tmax]
which is ensured by choosing tmax for each combination of
(η, γ−1) such that the system has almost reached its asymptotic
state (see Fig. 1).
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Figure 4. As in Fig. 3 the absolute error bound is shown for
different methods but now for the resonant case ωA = ωB =
∆.
• The lines of constant absolute error bound can well
be described by simple scaling laws in the relevant
parameter regime (see Fig. 3 and Fig. 4). For the
Quantum Optical Master Equation and the related
ExpZ Map we find an exponent −1, corresponding
to η/(γ∆) = const, as expected from a straight
forward weak coupling assumption. The Redfield
Equation (tdc), on the other hand, shows an expo-
nent −3, corresponding to lines η/(γ∆)(∆/γ)2 =
const. The superiority of the Redfield Equation
(tdc) becomes evident through the additional fac-
tor (∆/γ)2. The lines of constant error bound for
the Coarse-Grained Master Equation again follow a
scaling law with exponent −1. Each line, however,
kinks at a critical correlation time which in turn
scales with the coarse graining time τ (see Fig. 8).
The kink reflects an intrinsic error of the Coarse-
Grained Master Equation imposed by the condi-
tion τenv  τ which is independent of the coupling
strength η.
• While the error bound landscape of the Redfield
Equation (tdc) for the detuned case does rarely dif-
fer from the resonant case, it significantly changes
for the Quantum Optical Master Equation and the
related ExpZ Map. The explanation is found in
the degeneracy of the resonant system Hamiltonian
which results in the Lindblad operators σA+ + σB+
and its Hermitian conjugate. Such Lindblad op-
erators result in different features of the reduced
dynamics as compared to the detuned case where
the Lindblad operators are solely local operators of
the form σA+ (σB+) and its Hermitian conjugate (see
Sec. III B 2). As a consequence of that, the gen-
eral detuned-case Quantum Optical Master Equa-
tion misses some features of the dynamics of the
correlations within the qubit system. More details
can be found in Sec. IVE.
• The error bound landscape of the ExpZ Map and
the Quantum Optical Master Equation are very
8similar. The small advantage for the ExpZ Map
can be understood by noting that the deviation of
the Quantum Optical Master Equation reaches its
maximum very quickly (see Fig. 2). The ExpZ Map
however, yields the correct dynamics for very short
times and approaches the dynamics of theQuantum
Optical Master Equation for large times. Therefore
the deviation of the ExpZ Map looks like the devi-
ation of the Quantum Optical Master Equation but
with a suppressed maximum at the beginning.
• Concerning the Coarse-Grained Master Equation,
the error bound landscapes are shown for the case
where the coarse-graining parameter τ = 1/∆ is
of the order of the bare single qubit time scale. It
is not affected by the resonance condition of the
two qubits, just like the Redfield Equation (tdc).
In contrast to the other methods, when decreas-
ing the coupling strength only, the error bound
saturates to a minimal value, which in turn de-
pends on the correlation time. This hints again
to the fact that for the Coarse-Grained Master
Equation to be applicable, the correlations between
the system and the environment need to become
irrelevant on a faster timescale than the coarse-
graining time, irrespective of the coupling strength
(see also the discussion in Sec. III B 3). However,
for the detuned case, which is the challenging case
for the Quantum Optical Master Equation, Fig. 3
shows that there is a regime (small correlation time
and fairly large coupling strength) where the er-
ror bound of the Coarse-Grained Master Equation
is smaller than the error bound of the Quantum
Optical Master Equation and the ExpZ Map, i.e.
the Coarse-Grained Master Equation with τ = 1/∆
performs better in that regime (for more details see
Sec. IVD).
The discussion so far has ignored the main criticism
concerning the Redfield Equation (tdc), the lack of guar-
anteed positivity. By choosing a physical state as initial
condition (ψ0 = |↑↑〉) we are able to keep track of the pos-
itivity of the reduced state. Further, for a particular ini-
tial state the relative error r(t) = |ρref(t)−ρM(t)|/|ρref(t)|
can be calculated which allows a comparison of the meth-
ods based on actual error instead of the error bound used
earlier. Nonetheless, since it turns out that the relative
error landscape for each method is very similar to the
error bounds shown in Fig. 3 and Fig. 4 (therefore it
is not shown here) the initial condition ψ0 = | ↑↑〉 can
be seen as a generic initial condition, not featuring any
special behavior with respect to the applicability of the
various master equations.
In Fig. 5 the parameter region where the maximum rel-
ative error is below 3% is shown for the more challenging
case of two detuned qubits (ωA = ∆ and ωB = 0.95∆)
with initial condition ψ0 = |↑↑〉. The earlier picture from
the initial state independent discussion is recovered: the
Redfield Equation (tdc) covers the largest parameter re-
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Figure 5. For each method, the plot shows the parameter
region where the maximum relative error is smaller than 3%
(detuned case ωA = ∆ and ωB = 0.95∆, initial condition
ψ0 = |↑↑〉 and ω0 = ∆). Additionally, parameters which yield
positivity violation for the reduced state are marked in red.
Note, due to numerical errors the non-positivity condition was
relaxed to ρ < −10−10. The dotted lines corresponds to the
cut shown in Fig. 6.
gion. The ExpZ Map performs slightly better than the
Quantum Optical Master Equation. The Coarse-Grained
Master Equation with τ∆ = 1 outreaches the ExpZ Map
for sufficiently short correlations times. To add to this
picture, keeping track of the positivity for the reduced
dynamics obtained from the Redfield Equation (tdc) re-
veals that positivity problems do only occur in a param-
eter region where the Redfield Equation (tdc) becomes
significantly invalid. In terms of accuracy, the Redfield
Equation (tdc) is clearly to be favored compared to other
methods considered here. One can even go further by
reading the plot in Fig. 5 such that a positivity viola-
tion of the reduced dynamics obtained from the Redfield
Equation (tdc) allows to keep track of the validity of the
underlying approximations made, without having to refer
to the exact solution.
Thus, the criticism directed at the Redfield Equation
for not being of GKSL-form may be refuted considerably
in the light of its accuracy and, in particular, the benefit
of using the positivity violation of the Redfield Equation
(tdc) as a criterion for its applicability.
B. The Advantage of Time Dependent Coefficients
It should be emphasized that the error of the Red-
field Equation (asymp.) with asymptotic coefficients is
slightly larger than the error of the Redfield Equation
(tdc) with time dependent coefficients (see Fig. 6). How-
ever, the Redfield Equation (asymp.) it still outperforms
the other methods under consideration. Notably, even
in a regime where the relative error is fairly small, tran-
siently non-positive reduced states may occur when us-
ing the asymptotic coefficients. Of course, the order of
magnitude of the negative eigenvalue does not exceed the
9order of the error (see Fig. 6).
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Figure 6. For fixed coupling strength η/∆2 = 0.75 and vary-
ing correlation time ∆/γ the shown maximum relative differ-
ence (dashed lines) reveals a minor advantage in accuracy
of the Redfield Equation (tdc) over its asymptotic variant
Redfield Equation (asymp.). However, concerning positivity,
the minimum negative eigenvalue of the density matrix (solid
lines) indicates a significant difference between the two meth-
ods. That difference is due to the short time dynamics (right
panels) where the Redfield Equation (asymp.) results in pos-
itivity violation on the timescale of the correlation time (see
also Ref. [13, 50, 54, 56–58]). Only in a regime where the used
approximation breaks down, long lasting positivity problems
occur for both variants of the Redfield Equation.
The difference between the two variants of the Red-
field Equation is shown in Fig. 6, where the maximum
relative difference and the minimum negative eigenvalue
of the dynamics are plotted for a slice through the pa-
rameter space with fixed coupling strength. Although
only small in magnitude, non-positive eigenvalues of the
Redfield Equation (asymp.) dynamics occur already for
correlation times where the relative error is still small.
When increasing the correlation time the non-positive
eigenvalues increases roughly in the same manner as the
relative error. In contrast, for the Redfield Equation (tdc)
the non-positivity sets in suddenly.
Examining the time dependence of the smallest eigen-
value (see the right panels in Fig. 6) suggests that there
are two causes for the positivity violation. First, us-
ing asymptotic coefficients as in the Redfield Equation
(asymp.), obviously, is not justified for the initial dy-
namics on the time scale of the correlation time. As a
result, non-positive eigenvalues occur during that initial
dynamics. Their magnitude decreases with decreasing
correlation time which is in line with the observation that
for a delta-like correlation function using the asymptotic
coefficients becomes exact. However, the non-positive
eigenvalues occurring during the initial dynamics disap-
pear after the correlation time has passed (this initial
positivity problem is often discussed in terms of an ini-
tial slippage [13, 54, 56–58]). Using the time dependent
coefficients as in the Redfield Equation (tdc) circumvents
this problem entirely (see the useful Ref. [50] for a thor-
ough investigation of this phenomenon with analytical
results for very short correlation times).
The second reason simply originates from the fact that
for larger correlation times (or larger coupling strengths)
the perturbative approach of the Redfield Equation in
general (both time dependent coefficients and asymptotic
rates) becomes invalid, resulting in long lasting violation
of the positivity (and accuracy) of the reduced dynamics.
C. Linear Scaling of the Error
Concerning the scaling of the error with the coupling
strength, it has been mentioned in the introduction that
the scaling has to be as good as zeroth order and cannot
be, in general, of second order [39]. On the other hand,
since it is also known that the Quantum Optical Master
Equation becomes exact in the zero coupling limit [38]
the error has to vanish. In Fig. 7 the scaling of the er-
ror is shown for three different environmental correlation
times ∆/γ. For all of them the plots suggest a linear be-
havior for the Redfield Equation (tdc), Quantum Optical
Master Equation and ExpZ Map. However, in the case of
the Coarse-Grained Master Equation the error seems to
decrease as well, when decreasing the coupling strength,
until it reaches a finite value. Nonetheless, in particular
for short correlation times ∆/γ and suitably large cou-
pling strength η/∆2, the advantage of Coarse-Grained
Master Equation over theQuantum Optical Master Equa-
tion becomes evident (see also Sec. IVD). In any case
the Redfield Equation yields considerably better results.
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Figure 7. The scaling of the maximum relative error with
the coupling strength η/∆2 is shown for different correlation
times. For all methods, except the Coarse-Grained Master
Equation, the scaling of the error in the limit of small coupling
seems to be linear with the coupling strength (gray dashed
line). For the Coarse-Grained Master Equation the few ex-
amples shown here indicate a finite limiting error.
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D. The Coarse-Graining Time τ
From a mathematical point of view, the coarse-
graining parameter τ can be chosen freely. However,
we have already stressed earlier (Sec. III B 3, see also
Ref. [30, 32]) that in order to relate the resulting dy-
namics to the microscopic model, τ has to fulfill two
conditions. By physical means the condition τenv  τ
justifies the product state replacement of the total state
ρ˜(τ)→ ρ˜sys(τ)⊗ρ˜env after the first time step τ and, thus,
allows to iteratively propagate subsequent time steps τ
[32]. The other condition τ  τind, where τind ∼ γ/η, en-
sures sufficiently slow system dynamics in the interaction
picture, such that the finite difference is well represented
by the derivative [30, 32].
Notably, the time scale set by the energy differences
of the system Hamiltonian does not play a role. Conse-
quently, for suitable environments, where the above time
scale separation holds, the Coarse-Grained Master Equa-
tion is applicable irrespectively of the system Hamilto-
nian and, thus, provides a master equation beyond the
RWA.
10−1
100
101
ex
ac
t
ρ˜
re
f
(t
)
0.03
0.1
0
.3
τ∆ = 0.3
0.01 0.03 0.1 0
.3
τ∆ = 1
0.003
0.01
0.03 0.1
0.3
τ∆ = 3
0.003
0.01
0.03
0.1 0.3
τ∆ = 10
10−2 10−1 100 101
10−2
10−1
100
101
av
er
ag
e
〈ρ˜
re
f
(t
)〉 τ
0.03
0
.1
0
.3
10−1 100 101
0.
01
0.
03 0
.1 0
.3
10−1 100 101
0.
00
3
0.01
0.03
0.1
0.3
10−1 100 101
0.003
0.01
0.03
0.1
0.3
co
u
p
lin
g
st
re
n
gt
h
η
/
∆
2
correlation time ∆/γ
maximum relative error of the Coarse-Grained Master Equation
Figure 8. For the detuned case (∆A = ∆, ∆B = 0.95∆)
the maximum relative error of the Coarse-Grained Master
Equation when compared to the exact reduced state (up-
per row) and to its time average with coarse graining time
τ (lower row) is shown, without revealing significant differ-
ences. The columns refer to different coarse-graining times
τ . The kinks in the lines of equal error indicate that the
condition τenv = 1/γ  τ imposes an error which depends
solely on the correlation time ∆/γ and not on the coupling
strength η/∆2. Further, the plot most left reveals that for
short correlation times and a suitable coarse-graining time
the Coarse-Grained Master Equation can deal with stronger
couplings as compared to the Quantum Optical Master Equa-
tion (approximately shown in the most right panel).
The influence of the coarse-graining parameter τ on
the error landscape is shown in Fig. 8. To examine
the effect of the “coarse-graining” of the Coarse-Grained
Master Equation we also show the error landscape where
the exact reduced state averaged over the coarse-graining
parameter τ in the interaction picture
〈ρ˜ref(t)〉τ = 1min(t, τ)
∫ t
t−min(t,τ)
ds ρ˜ref(s) (32)
is used as reference. The average ensures that
〈ρ˜ref(0)〉τ = ρref(0) which also serves as initial condition
for the Coarse-Grained Master Equation. Fig. 8 shows
that there is no significant difference in the overall er-
ror behavior between the two cases (upper row: ρ˜ref(t),
lower row 〈ρ˜ref(t)〉τ ). However, minor differences can be
noted in the regime where the error is already small.
In that case, the dynamics obtained from the Coarse-
Grained Master Equation matches the τ -averaged exact
dynamics better than the non-averaged exact dynamics.
Additionally, the maximum relative difference land-
scape shown in Fig. 8 reveals that for a particular coarse-
graining time τ and a fixed correlation time τenv = 1/γ
the Coarse-Grained Master Equation will not become ex-
act in the limit of zero coupling strength. Instead, an
asymptotic non-zero error remains which is due to the
only approximately met condition τenv  τ . Further,
the plots in Fig. 8 show explicitly that for a very small
correlation time, such that a rather small coarse-graining
time is justified, the Coarse-Grained Master Equation is
also applicable for somewhat stronger couplings, a regime
in general not accessible by the Quantum Optical Master
Equation. This statement will become more explicit in
the example dynamics shown in the following.
E. Influence of the Secular Approximation on the
Qubit Correlations
Recall, for the detuned case the Lindblad operators
read LωA = 12σA+, LωB =
1
2σ
B
+ and their Hermitian con-
jugate. Viewing ωB as a parameter of the corresponding
Quantum Optical Master Equation (fix the form of the
Lindblad operators), the resonant case ωA = ωB can also
be treated with that Quantum Optical Master Equation.
On the other hand, for the resonant case the Lindblad op-
erators Lω = 12
(
σA+ + σB+
)
and its Hermitian conjugate
can be derived explicitly, resulting in a different mas-
ter equation of GKSL-form. The difference of the two
variants becomes obvious by realizing that the Lindblad
operators enter the master equation quadratically. For
example, the Lamb-shift Hamiltonian for the Lindblad
operators derived from the detuned case, however used
in resonance ω = ωA = ωB , reads
HdetunedLamb =S(ωA)L†ωALωA + S(ωB)L
†
ωBLωB
+ S(−ωA)L†−ωAL−ωA + S(−ωB)L†−ωBL−ωB
=S(ω)4 (σ
A
−σ
A
+ + σB−σB+)
+ S(−ω)4 (σ
A
+σ
A
− + σB+σB−) .
(33)
In contrast, using the Lindblad operators Lω =
1
2
(
σA+ + σB+
)
additional terms occur in the Lamb-shift
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Hamiltonian
HresonantLamb = HdetunedLamb +
S(ω)
4 (σ
A
−σ
B
+ + σB−σA+)
+ S(−ω)4 (σ
A
+σ
B
− + σB+σA−) (34)
These additional terms, which effectively result in a uni-
tary coupling between the two qubits [59, 60], are miss-
ing due to the RWA applied in the detuned case. In the
same manner, differences between the two variants of the
Quantum Optical Master Equation occur also in the dis-
sipator. The non-local structure (in terms of the two
qubits) of the additional contribution will particularly
influence the dynamics of the two-qubit correlations (see
Fig. 9 and Fig. 10).
To summarize, the special Quantum Optical Master
Equation derived for the resonance condition includes
non-local terms expected to influence the correlation dy-
namics of the qubits. Once the detuned case is con-
sidered, the formalism of the Quantum Optical Master
Equation results in an equation without such non-local
terms. It is precisely the motivation of the Coarse-
Grained Master Equation and the ExpZ Map to overcome
this shortcoming [29–33].
In order to show how the various approaches approxi-
mate the dynamics, we pick two pairs of η/∆2 and ∆/γ
where the differences are sufficiently well visible. In par-
ticular we distinguish between the dynamics of the local
expectation value 〈1 ⊗ σz〉 and the non-local quantity
〈σz ⊗ σz〉.
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Figure 9. The time dependent expectation value of the lo-
cal 1A ⊗ σBz and non-local σAz ⊗ σBz operator is shown for
η/∆2 = 0.149 and ∆/γ = 0.673. Only the Redfield Equa-
tion reproduces the non-local quantity for detuned qubits cor-
rectly.
In Fig. 9 the dynamics for a rather weak coupling
strength η/∆2 = 0.149 and a correlation time ∆/γ =
0.673, which is of the order of the single qubit time scale,
is shown. For the resonant case, all methods except the
Coarse-Grained Master Equation approximate the exact
dynamics very well. As expected, for the slightly detuned
case, where the detuning results in an additional system
time scale slower than the correlation time, the validity
of the Quantum Optical Master Equation breaks down.
However, the single qubit dynamics is well recovered. Sig-
nificant deviations are visible for the correlation dynam-
ics of the two qubits. The ExpZ Map smoothly interpo-
lates from the exact dynamics for short times to the val-
ues of the Quantum Optical Master Equation for longer
times. Concerning the Coarse-Grained Master Equation,
the difference to the exact dynamics is equally visible for
both, the local and non-local expectation value indepen-
dently of the detuning. This is plausible, because the
coarse-graining time ∆τ = 1 is larger than the correla-
tion time ∆/γ = 0.673 which renders the Coarse-Grained
Master Equation to be inaccurate. The Redfield Equation
(tdc), however, matches the exact dynamics even for the
non-local contribution in the detuned case.
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Figure 10. The same quantities as in Fig. 9 are shown for
η/∆2 = 1.29 and ∆/γ = 0.165. Notably, for detuned qubits
the accuracy of the Coarse-Grained Master Equation has in-
creased, whereas the Quantum Optical Master Equation and
the related ExpZ Map have lost accuracy. Nevertheless, the
local expectation value is well reproduced by all methods.
In the next example, the coupling strength is chosen
larger η/∆2 = 1.29 while the correlation time becomes
shorter ∆/γ = 0.165. The same statements from the
above example hold. In particular the interpolation of
the ExpZ Map between the exact dynamics and the values
of the Quantum Optical Master Equation is well visible.
As a result, both, the Quantum Optical Master Equation
and the ExpZ Map, do not account for the slow decay of
the σz ⊗ σz correlations. However, as of the shorter cor-
relation time, the Coarse-Grained Master Equation gen-
erally produces more accurate results and particularly
outperforms the Quantum Optical Master Equation and
ExpZ Map on the correlation dynamics in the detuned
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case. Again, for all examples, the Redfield Equation (tdc)
provides the most accurate results.
V. CONCLUSION
We have confirmed that in order to best approximate
the reduced dynamics of two non-interacting qubits cou-
pled to a common structured (Lorentzian) environment
with a time local master equation, the Redfield Equa-
tion (tdc) is the method of choice. As indicated by an
initial state-independent error bound, the Redfield Equa-
tion (tdc) substantially outperforms the other methods
considered here (Redfield Equation (asymp.), Quantum
Optical Master Equation, Coarse-Grained Master Equa-
tion and ExpZ Map). Further, the lack of ensured pos-
itivity preservation should not be considered as a bug,
but as a feature: it indicates the breakdown of the weak
coupling approximation.
In order to contribute to a better understanding of the
applicability of the various master equations, we have in-
vestigated their error in detail. For the Quantum Optical
Master Equation we have explicitly argued – and con-
firmed by examples – that in the general detuned case
of the two qubits, the RWA most significantly effects the
correlations between the two qubits.
The two related approaches, the Coarse-Grained Mas-
ter Equation and the ExpZ Map, do – to some extent
– improve on the shortcomings of the Quantum Opti-
cal Master Equation as they do not explicitly make use
of the RWA while yielding positive dynamics. Our er-
ror analysis reveals that the ExpZ Map performs slightly
better in terms of the maximum error for the entire dy-
namics but mimics qualitatively the same error land-
scape as the Quantum Optical Master Equation. More-
over, we find that whenever the time scale separation
τenv  τ  τind is satisfied, the Coarse-Grained Master
Equation yields good results, irrespectively of the system
Hamiltonian, that is, it does not distinguish between the
detuned and resonant case. The coarse-graining parame-
ter τ -dependent error landscape also qualitatively differs
from the Quantum Optical Master Equation correspon-
dent. Exploiting this feature allowed us to explicitly show
that there is a region in the parameter space spanned by
the coupling strength η/∆2 and correlation time ∆/γ
where the Coarse-Grained Master Equation outperforms
the Quantum Optical Master Equation significantly.
Although we focus on a particular system of two qubits
and a Lorentzian environment, we are confident that our
conclusions hold true for generic systems that contain a
wide range of transition frequencies.
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